Abstract: In this paper, we study local well-posedness for the Navier-Stokes equations (NSE) with the arbitrary initial value in homogeneous SobolevLorentz spacesḢ
Recently, the authors of this article have considered NSE in the mixed-norm Sobolev-Lorentz spaces, see [17] . In this paper, for d ≥ 2, q > 1, s ≥ 0, 1 ≤ r ≤ ∞, and 
. We obtain the existence of mild solutions with arbitrary initial value when T is small enough, and existence of mild solutions for any T > 0 when the norm of the initial value in the Besov spacesḂ is small enough. In the particular case (q > d, r = q, s = 0), we get the result which is more general than that of Cannone and Meyer ( [4] , [7] ). Here we obtained a statement that is stronger than that of Cannone and Meyer but under a much weaker condition on the initial data. In the particular case (q = r = 2,
), we get the result which is more general than those of Chemin in [9] and Cannone in [4] . Here we obtained a statement that is stronger than those of Chemin in [9] and Cannone in [4] but under a much weaker condition on the initial data. In the case of critical indexes (1 < q ≤ d, r ≥ 1, s = d q − 1), we get a result that is a generalization of a result of Cannone [5] . In particular, when q = r = d, s = 0, we get back the Cannone theorem (Theorem 1.1 in [5] ). The paper is organized as follows. In Section 2 we prove some inequalities for pointwise products in the Sobolev spaces and some auxiliary lemmas. In Section 3 we present the main results of the paper. In the sequence, for a space of functions defined on R d , say E(R d ), we will abbreviate it as E. §2. Some auxiliary results
In this section, we recall the following results and notations. where f
Before proceeding to the definition of Sobolev-Lorentz spaces, let us introduce several necessary notations. For real number s, the operatorΛ s is defined through Fourier translation by
For 0 < s < d, the operatorΛ s can be viewed as the inverse of the Riesz potential I s up to a positive constant
For q > 1, r ≥ 1, and 0 ≤ s < 
Proof. It is easily deduced from the properties of the standard Lorentz spaces. In the following lemmas, we estimate the pointwise product of two functions inḢ
which is a generalization of the Holder inequality. In the case when s = 0 we get back the usual Holder inequality. Pointwise multiplication results for Sobolev spaces are also obtained in literature, see for example [10] , [26] , [22] and the references therein.
Lemma 2. Assume that 1 < p, q < d, and
Then the following inequality holds
Proof. By applying the Leibniz formula for the derivatives of a product of two functions, we have
By applying the Hölder and Sobolev inequalities we obtain
Similar to the above reasoning, we have
This gives the desired result
Lemma 3. Assume that
Then the following inequality holds 
Proof. It is not difficult to show that if p, q, and s satisfy (1) then there exists numbers p 1 , p 2 , q 1 , q 2 ∈ (1, +∞) (may be many of them) such that
Therefore, applying Theorem 6.4.5 (page 152) of [1] (see also [25] forḢ
Applying the Holder inequality and Lemma 2 in order to obtain
From Theorem 4.4.1 (page 96) of [1] we get
Then we have the inequality 
Applying Lemma 3 and the Sobolev inequality in order to obtain
This gives the desired result The following lemma is a generalization of the above lemma.
Lemma 6. Let 1 ≤ p, q ≤ ∞, α ≥ 0, and s < α. Then the two quantities , see [3] , then we can easily prove the lemma.
Proof. We have
Let us recall following result on solutions of a quadratic equation in Banach spaces (Theorem 22.4 in [26] , p. 227).
Theorem 1. Let E be a Banach space, and B : E × E → E be a continuous bilinear map such that there exists η > 0 so that
for all x and y in E. Then for any fixed y ∈ E such that y ≤ 1 4η
, the equation x = y − B(x, x) has a unique solution x ∈ E satisfying x ≤ 1 2η
.
§3. Main results
Now, for T > 0, we say that u is a mild solution of NSE on [0, T ] corresponding to a divergence-free initial datum u 0 when u solves the integral equation
Above we have used the following notation: For a tensor F = (F ij ) we define the vector ∇.F by (∇.F ) i = d j=1 ∂ j F ij and for two vectors u and v, we define their tensor product (u ⊗ v) ij = u i v j . The operator P is the Helmholtz-Leray projection onto the divergence-free fields
where R j is the Riesz transforms defined as
withˆdenoting the Fourier transform. The heat kernel e t∆ is defined as
If X is a normed space and
We define the auxiliary space K s,q q,r,T which is made up by the functions u(t, x) such that
and lim
where r, q,q, s being fixed constants satisfying
In the caseq = q, it is also convenient to define the space K
) with the additional condition that its elements u(t, x) satisfy lim
was introduced by Weissler and systematically used by Kato [20] and Cannone [5] . Proof. It is easily deduced from Lemma 1 (a) and the definition of K s,q q,r,T .
we have e t∆ u 0 ∈ K s,q q,1,∞ , and the following imbedding maṗ
Proof. Before proving this lemma, we need to prove the following lemma.
Proof. With δ > 0 being fixed, we have
and
We prove that
with M d being the Lebesgue measure in R d , assuming on the contrary
We have u *
assuming on the contrary
We have u * 0 (t) ≥ δ for all t > 0, from the definition of the Lorentz space, we get
From (7), (8), (9), and (10), we infer that
Fixed t > 0. For any ǫ > 0, from (11) it follows that there exists a number n 0 = n 0 (t, ǫ) large enough such that
From this we deduce that
From (12) and (13), we apply Lebesgue's monotone convergence theorem to get
Now we return to prove Lemma 9. We prove that
Set = e t∆Λs u 0
We
From Lemma 10, we have
where X n,s (x) = 0 for x ∈ {x : |x| < n}∩{x : Λ s u 0 (x) < n} and X n,s (x) = 1 otherwise. We have
For any ǫ > 0, applying Proposition 2.4 (c) in ( [26] , pp. 20) and note that (15), we have
for large enough n. Fixed one of such n, applying Proposition 2.4 (a) in ( [26] , pp. 20), we conclude that
for small enough t > 0. From the estimates (16), (17) , and (18) it follows that t α 2 e t∆ u 0 Ḣs
Finally, the embedding (6) is derived from the inequality (14), Lemma 1, and Lemma 6. In the following lemmas a particular attention will be devoted to study of the bilinear operator B(u, v)(t) defined by
Lemma 11. Let s, q ∈ R be such that
Then for allq satisfying
the bilinear operator B(u, v)(t) is continuous from K
and the following inequality holds
where C is a positive constant independent of T.
Proof. We have

B(u, v)(t) Ḣs
Lq ,1
From the properties of the Fourier transform
and then
where
Applying Proposition 11.1 ([26] , p. 107) with |α| = 1 we see that the tensor K(x) = {K l,k,j (x)} satisfies
So, we can rewrite the equality (23) in the tensor form
From the inequalities (19) and (20), we can check that the following conditions are satisfied 1 < h, r < ∞ and 1
Applying Proposition 2.4 (c) in ( [26] , pp. 20) for convolution in the Lorentz spaces, we have
Applying Lemma 4 we obtain
Fom the inequalities (24) and (26) we infer that
From the inequalities (27) , (28) , and (29) we deduce that
From the estimates (22) and (30), and note that from the inequalities (19) and (20), we can check that
Let us now check the validity of the condition (4) Lemma 12. Let s, q ∈ R be such that
Then for allq satisfying 1 2
the bilinear operator B(u, v)(t) is continuous from K and the following inequality holds
From the inequalities (32) and (33), we can check that h and r satisfy 1 < h, r < ∞ and 1
From the equality (25), applying Proposition 2.4 (c) in ( [26] , pp. 20), we obtain
Applying Lemma 4, we have
From the inequalities (24) and (35) it follows that
From the estimates (36), (37), (38) we deduce that
From the inequalities (32) and (33), we can check that α + s 2
Let us now check the validity of the condition (5) for the bilinear term B(u, v)(t). Indeed, we have
The estimate (34) is now deduced from the inequality (39). Combining Theorem 1 with Lemmas 7, 9, 11, 12, we obtain the following existence result.
Theorem 2. Let s, q, and r ∈ R be such that
(a) For allq satisfying
there exists a positive constant δ s,q,q,d such that for all T > 0 and for all
NSE has a unique mild solution u ∈ K 
and T = ∞ then the inequality (42) holds.
Proof. From Lemmas 11 and 8 , the bilinear operator B(u, v)(t) is continuous from K s,q q,q,T × K s,q q,q,T into K s,q q,q,T and we have the inequality
where C s,q,q,d is a positive constant independent of T . From Theorem 1 and the above inequality, we deduce following:
, NSE has a mild solution u on the interval (0, T ) so that
Lemma 12 and the relation (43) imply that
On the other hand, from Lemma 7, we have e
From Lemma 9 and Lemma 11, we deduce that u ∈ K Remark 4. In the case when the initial data belong to the critical Sobolev-
, from Theorem 2 (b), we get the existence of global mild solutions in the spaces
the norm of the initial value in the Besov spacesḂ
Note that a function inḢ
. This is deduced from the following imbedding maps (see Lemma 9)
This result is stronger than that of Cannone. In particular, when q = r = d, s = 0, we get back the Cannone theorem (Theorem 1.1 in [5] ). Then for anyq be such that
Proof. Applying Lemma 6, the two quantities u 0 Ḃ
the theorem is proved by applying the above inequality and Theorem 2.
Remark 5. In the case when the initial data belong to the Sobolev-Lorentz spacesḢ
, we obtain the existence of mild solutions in the spaces
when the norm of the initial value in the Besov spacesḂ
Applying Theorem 3 for q > d, r = q and s = 0, we get the following proposition which is stronger than the result of Cannone and Meyer ( [4] , [7] ). In particular, we obtained a result that is stronger than that of Cannone and Meyer but under a much weaker condition on the initial data. (
NSE has a unique mild solution u ∈ K 0,q
Remark 6. If in (44) we replace theḂ
norm by the L q norm then we get the assumption made in ( [4] , [7] ). We show that the condition (44) is weaker than the condition in ( [4] , [7] ). In Remark 5 we have showed that
but these two spaces are different. Indeed, we have x
On the other hand by using Lemma 6, we can easily prove that x , we get the following proposition which is stronger than the results of Chemin in [9] and Cannone in [4] . In particular, we obtained the result that is stronger than that of Chemin and Cannone but under a much weaker condition on the initial data. 
NSE has a unique mild solution u ∈ K ),∞ q norm by theḢ s (R d ) norm then we get the assumption made in ( [9] , [4] ). We show that the condition (45) is weaker than the condition in ( [9] , [4] ). In Remark 5 we showed thaṫ 
